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4. Special cases. 
We now give details concerning some special kinds of connections. 
A. Connections in locally trivial bundles over simplicial complexes. 
First we consider a locally trivial bundle (E, p, B) defined by a family 
of trivialisations 
?+J(:p-l(uf) + UfXF 
over the sets Ur of an open covering {U,} of B, with transition functions 
gbj: (U, n U,)xP-+ F. 
We suppose that for each set Ua there is a contraction 
such that: 
ha: UcxI+ B 
i) hr(x, st) = hl(hc(x, s), t) for z E UC, s, t E I 
ii) The relations x E Ur ; y E Uj; s, t E I, 
h&, 4 = hdy, t) imply ha@, 8) = hj(y, t) E Ur n Uj. 
An example where these conditions can be realised is obtained from a 
simplicial complex K by adding the cone over the O-skeleton. That is, 
for each vertex 21 E K we add a l-simplex 11 with vertices *, zzt, (* $ K) 
and denote the resulting simplicial complex by L. We deline for the 
polyhedron IL1 the set UC as the union of l&l and of the open star St(xr, K) 
of xp in K. For x E Ut we define the path 
h; : t + hr(x, t), t E [0, l] 
as the product of the linear path It and the straight path ~$11: of St(xc, K), 
suitably parametrised. The conditions i), ii) will then be satisfied. If the 
structure group G of a locally trivial fibre bundle E over [Kl is connected, 
then 5 can be extended to a fibre bundle 9 over ILI. The extension E --f 11 
induces a surjection from the set of isomorphism classes of bundles over 
IL1 to the set of isomorphism classes of bundles over IKJ, all with structure 
group G. This is the case for instance when G=SO(n) or G= U(n), and 
when we consider orientable real vector bundles or complex vector bundles. 
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By the following theorem 9, each locally trivial bundle over IL1 admits 
a P-connection, hence so does each locally trivial bundle over IKl by 
restriction, and for a suitable good family of paths. 
Theorem 9. If the space B admits an open covering {U,} with con- 
tractions hg satisfy&g conditions i), ii) above, then each locally trivial bundle 
E= (E, p, B) over B admits a P-connection for a suitable good family of 
paths P of B, which can be chosed to be independent of the bundle 5. 
Proof. Define P as the smallest good family of paths of B containing 
all the paths of the form 
h; : t + hi@, t), (x E Ui, t E I). 
This makes sense, since the intersection of two good families of paths 
containing all paths h: is again a good family and since the set of all 
good families containing all h: is non void. 
The condition ii) implies that P ** consists of finite products of closed 
paths of the type 
fz =h;j@ (x E UC n U,). 
and the paths which can be obtained from f; by changing the paramater 
and composing with paths like ff. Thus a P**-structure of F=E*=p-I(*) 
is defined by 
(22) u(h?@) =g&)(u), for u E E*, 
where gij are the transition functions of the locally trivial bundle (E, p, B) 
with respect to the covering {U,}. The associativity conditions which are 
fulfilled by the functions gsj guarantee that formula (22) really defines 
a Pee-structure on E*. 
B. Infinitesimal connections. 
We now suppose that B is a connected differential manifold. Then the 
rectifiable paths of B form a good family of paths of B. 
In [6] the author characterised the linear representations of P** which 
are holonomy representations of infinitesimal connections in differentiable 
vector bundles over B. The characterisation was obtained in terms of 
certain differentiability conditions concerning matrix functions defined 
on certain families of paths in X depending differentiably on one real 
parameter, and the corresponding differentials were just the curvature 
forms of the connections. 
Results of N. TELEMAN [9] and the author [8] show that the Chern 
character of a complex vector bundle over a compact differentiable mani- 
fold B can be constructed in terms of the character of the holonomy 
representation of an infinitesimal connection in the bundle. 
A theorem of TAKENS [5] shows that the construction is valid more 
generally for paracompact differentiable manifolds. This construction 
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agrees with Theorem 6, which shows that the isomorphism class of a 
vector bundle admitting a connection C is determined by the character 
of the holonomy representation defined by the connection C. 
C. Complex analytic connections. 
Suppose now that B is a complex analytic manifold and take as a good 
family the set 17 of all rectifiable paths of B which are products of paths 
each belonging to an analytic curve of B. We introduce the following 
equivalence relation N in 17: if f, g, g’, h are paths in Il such that the 
products fgh, fg’h are defined and such that g, g’ belong to the same 
complex analytic curve c C B and are homotopic in c keeping the endpoints 
fixed, then 
fgh - fg’h. 
We note by I?= II/ N the set of equivalence classes of paths in Il. The 
multiplicative structure of 17 induces one in I?. We denote by de* the 
set of classes of elements of IT**. We remark that the equivalence intro- 
duced in I7 is strong enough in order that the multiplicative structure 
of I%** be a group structure. 
Let 0 : II** --f I?** be the canonical homomorphism. 
The infinitesimal connections C in the differential vector bundles over 
B induce IFconnections which are II’-smooth, where 17’ is the set of 
smooth paths of X contained in IT. The complex analytic connections C, 
which are defined in complex analytic vector bundles by holomorphic 
connection forms, have as holonomy representations functions which are 
constant on each equivalence class of II**. Thus for a complex analytic 
connection C, we can define the “analytic holonomy representation” 
ij : II** + GL(n, C) 
as the representation induced by the holonomy representation of C on 
r?**. The converse is also true and we have 
Theorem 10. Each diflerentiable linear representation of II**, which 
can be factorised through I?**, is the holonomy representation of a complex 
analytic connection in a complex analytic vector bundle over the complex 
analytic manifold X. 
Proof. We define local trivialisations of the bundle determined by 
the linear representation Q : 17** -+ GL(n, C) as in oh. 1, using paths in II. 
More precisely in each coordinate neighbourhood U with complex coordi- 
nates xl, . . . . 29, we consider as paths hs : I + B(x E U) the maps Ah:, 
where il is a path in I7 from * to x00= (0, . .., 0) B U and h; is given by 
h;(t)=(txl, . . . . tx”), (t E l-0, 11). 
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If x E U n U’ and if in U’ we have coordinates ~‘1, . .., x’n and paths of 
the same form, say A’h;z, where A’(0) =*, A’( 1) =x6 = (0, . . ., 0) E U’ and 
hpqt)=(tx’:‘l, . ..) tx’a), then we have first to prove that 
(23) x 3 Q(h&q 
is a complex analytic map from U n U' to GL(n, C). In this case the 
transition functions of the bundle defined by Q shall be analytic. 
Suppose that the point x moves along a real curve y which belongs 
to a complex analytic curve c of X. Then for a new position x’ of x on y 
we have 
By hypothesis, R(x’) remains unchanged when we replace the arc of y 
from x to x’ by another arc contained in c, which is homotopic to the 
first. Thus the function (23), which is real differentiable, is moreover 
complex analytic, for the derivative 
dR(x’) 
dz’ depends on the complex curve 
c only and not on the arc y. 
Secondly we have to prove that the connection C defined by Q is itself 
analytic. By the definition of C, the lifting of a path y in U is obtained 
by integrating the differential equation 
dY 1 z = y !ijry t [@(Ah; - xx 9+X)-l] 
where the limit is a matrix whose elements are linear forms in the com- 
dxf d2” 
ponents dt9 dt of the tangent vector of y at x. We have to prove that 
the terms in g vanish. We have thus to prove that the limit at the 
right side of the last formula doesn’t depend on y, but only on the complex 
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analytic curve c which contains y; but this is again a consequence of the 
fact that Q is constant on each equivalence classe of paths in 17. 
5. Connections with abelian holonomy groups. 
We consider now a space B and a good family P of paths in B as in 
Ch. 1 and we note by 9.l the set of continuous homomorphisms 
a: p**+c*=c-{O}, 
where C* is the multiplicative group of non zero complex numbers. As 
C has a natural structure of C*-space, each element OL E ‘$l defines, by 
Theorem 3, a line bundle & over B and a P-connection C, in 1,. 
Let e : C -+ C* be defined by 
(25) e(x) = e2nc. 
We have the following 
Theorem 11. The homomorphisms a E 2l which define trivial bundles 
1, cun be characterised by the property: Z. There exist a continuozcs homo- 
morphism B : P** --f (C, + ) such that OL =e o fl. 
Proof. If such a /? exists, then LX is homotopic in 9X to the trivial 
homomorphism, a homotopy at being given by 
0lt(~)=e(t./3(0)) for 0 E P**. 
Conversely, if the bundle &, for a certain LY E 2l is trivial, that is if it is 
isomorphic to B x C, then using a specific trivialisation 1, % B x C, the 
P-connection C, of & gives a P-connection Ci in B x C, whose holonomy 
representation is again 01. The connection function 6’; defines an extension 
of OL : PM -+ C* to a continuous function K : P + C* giving a commutative 




f(l) x c 
/” 
\ Z(f) I 
c-c 
The function k has moreover the property 
qflfz)=qfl)*b(fz) 
for each pair (fl, f2) E P x P for which fl f2 is defined. If f is a constant 
map, then E(f)= 1 E C*. If we denote by fS the path t -+ f(st), (f E P, s E I), 
then we have for each f E P a path 
If I : s -j E(fs) 
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of C*, with the origin l/l(O) = 1 and depending continuously on f. As the 
map (25) has the homotopy covering property for all spaces, the path IfI 
has a unique lifting 1 f 1 ’ in C, such that j/l’(O) = 0; the path IfI’ of C depends 
continuously on f E P. If we put 
F(f)= IfI’( 
we obtain a continuous function 
with the properties : 
1. if f E P is a constant path, then j?(f) = 0. 
2. if fl, fz, flfz E P, then /%fifd=p(fd +j(fd. 
3. for each f EP, e($(f))=di(f). 
The restriction ,!l of j on Pee C P is then the required continuous homo- 
morphism PW + C with e o /?= 01. 
Let ‘$3 be the set of all continuous homomorphisms p : P** + C and 
E : !B -+ a the map 
/3-+eo/3. 
%,5EJ have natural structures of abelian groups and E is a homomorphism. 
‘8 and 93 are function-spaces and when we endow them with the respective 
compact-open topologies, ‘%, 8 become topological abelian groups and E 
is a continuous map from the second to the first. We state now the 
Theorem 12. The set L(B, P) f o isomorphism classes of line bundles 
over B which admit linear P-connections (L(B, P) is an abelian group with 
the composition given by tensor product) appears in the exact sequence 
O-tZ’“23~~+L(B,P)~O, 
where 9’ is the abelian group of homomorphisms of PW into the aditive 
group Z of integers and P is given by composition of the homomorphisms 
P ** --f Z with the inclusion map Z + C. 
The proof is straightforward and we omit it. 
Remark that in the case where Theorem 10 is valid, we have 
L(B, P) II Hl(B, C*) N Hz(B, Z), 
where C* is the sheaf of germs of continuous maps from B to C*. 
Now let us consider the set T of all continuous homomorphisms 
f:P **+ , C*n 
for all non-negative integers n m T is a filtrant set with respect to the ordering : 
(f : P** + c*y r (f’ : P** --f C*m) 
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if and only if there exists a continuous homomorphism 
such that 
gf, : c*m + c*n 
f’=g{cf. 
We can consider the projective limit H of the projective family of abelian 
Lie-groups {f(P**), #&},,f,cl, where &=gj,lf(P**). 
Alternatively, we can consider the set Tc C T consisting of continuous 
homomorphisms f : P** + (Sl)fl, 81 = {x E Cl IzI = l} and the projective limit 
He of the family of abelian compact Lie groups {f(P**), &],.t,rTc. Then 
Hc is a topological compact abelian group. 
Each element f G $?I is an element of T and it defines an element 7 of 
Tc by the “normalisation” 
f(o) 
m = , f(w), * 
It follows that each element f E 2l determines continuous homomorphisms 
(projections) : 
and 
+f: H + C* with (br(z)=xf for z= lim,,,~~, 
Ff : H, --f Sl with F&r) = xf for x = lim,,rc x0. 
The elements f : P** -+ C* R of T, or f: P** + (i9)n of T,, which are fac- 
torisable through Cm or Rn, form filtrant subsets T’, TE of T, Tc and we 
can consider the projective limits K, Kc of the corresponding projective 




p(x)= limf,,, zf for x= Emto, xf 
q(z) = lim,, T; xf for 2 = limf, T, xf. 
Suppose that we have a commutative diagram of continuous homo- 












We know that such a diagram can be completed to a diagram 
,//’ f f 







which is commutative. Of course, the only nontrivial commutativity 
concerns the middle triangle, where 7, r are not unique. But we can take 
f =i o f and then the commutativity of the diagram is assured. 
Using Zorn’s lemma in the partially ordered set T’, we can construct 
a function f --f f such that 
f’=gof*/qo/, 
where g is uniquely determined by g considering universal coverings. It 
follows that the natural homomorphism 
can be extended to a continuous map 
Let G=a(P**), S=Z(P*). W e can define a “Jacobi variety”-map 
s: B+d/G 
associating with each point x E B the image under G of the set of paths 
of P* joining the base point * of B to x. 
The construction of the maps is similar to the construction given in 
Ch. 3, which lead to a map I of B into a homogeneous compact space M. 
In the case when B is a Riemann surface and we restrict ourselves to 
analytic connections, then d/G is the Jacobi variety J of B and 1 is the 
corresponding analytic map of B into J. This can be seen by observing 
that in this case the representations of PH into C* that are constant on 
each homotopy class of closed paths and that are factorisable through C 
are determined by the holomorphic differential forms of degree 1 of B. 
In the general case, from the construotion of 1 in Chapter 3 it follows 
that P* is a subspace of CP**. 
We finally remark that we can pass directly from the constructions 
112 
given in Chapter 3 to the constructions of abelian groups given above 
namely by taking the centers of the holonomy groups considered in 
Chapter 3. 
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